ON STABILITY OF THE p-AFFINE ISOPERIMETRIC 

INEQUALITY 



MOHAMMAD N. IVAKI 



Abstract. Employing the affine normal flow, we prove a stability version of 
the p-affine isoperimetric inequality, p > 1, in R2 in the class of smooth, origin- 
symmetric convex bodies. That is, if ii" is a smooth, origin-symmetric convex 
body in such that it has volume tt and its p-affine perimeter is close enough 
to the one of an ellipse with the same volume, then, after applying a special 
linear transformation, K is close to an ellipse in the Hausdorff distance. 



1. Introduction 

The setting for this paper is the n-dimensional Euchdean space, R". A compact 
convex subset of R" with non-empty interior is called a convex body. 

Let $ be a real valued function on convex bodies. Given a geometric inequality 
^{K) > 0, for every convex body K and with the equality case obtained only for 
a certain family of convex bodies, denoted by J-, a stability version of $ concerns 
the following question. Find a positive constant Eq, and a positive function /, such 
that the following holds: If for some < e < Eq we have 

<i>{K) < e, 

then there exists a convex body in J^, denoted by L, such that 

d(A',i) </(£), 

where d{-,-) is an appropriate norm in the context of the geometric inequality. Here 
/ obeys the rule lirn /(e) = (see the beautiful survey of H. Groemer [15j). 

Versions of stability have been investigated for several important inequalities, 
including a stability version of the Brunn-Minkowski inequality due to V.I. Diskant 
|12| . stability of the Rogers- Shephard inequality by K.J. Boroczky [9], stability of 
the Blashcke-Santalo inequality and the affine isoperimetric inequality in R" for 
n > 3 by K.J. Boroczky [lOj, stability of the reverse Blaschke-Santalo inequality by 
K.J. Boroczky and D. Hug 0, stability of the Prekopa-Leindler inequality by K. 
Ball, and K.J. Boroczky P], stability of a volume ratio by D. Hug, and R. Schneider 
[H] , and recently stability of the functional forms of the Blashcke-Santalo inequality 
by F. Barthe, K.J. Boroczky and M. Fradelizi •[6! . Our aim in this paper is to prove 
a stability version of the p-affine isoperimetric inequality, p > 1, in R^ in the class 
of smooth, origin-symmetric convex bodies. 
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In his seminal work [SUES], E. Lutwak extended the theory of Brunn-Minkowski 
to Brunn-Minkowski-Firey theory, resulting impressive outcomes in convex geom- 
etry [171 HSl [53], stochastic geometry [THl [T^, differential geometry and dif- 
ferential equations [TTl |18l |23l [HI [42l |43l [4j. One of these developments was 
generalizing the notion of the afhne surface area to p-affine surface areas, for p > 1. 
Subsequently, the notion of p-affine surface areas for < p < 1 has been introduced 
by D. Hug p^, for —n < p < by M. Meyer and E. Werner ^30, and for all p —n 
by C. Shiitt and E. Werner in [^. Later, in [HI [22] it was observed by M. Lud- 
wig that p-affine surface areas, p ^ — n, belong to a larger family, called cjy-aSEne 
surface area. For p > 1, the p-affine surface area of a convex body is related to 
the volume of the convex body by the p-afRne isoperimetric inequality. For p = 1, 
this is the well-known afhne isoperimetric inequality due to W. Blaschke with the 
equality case characterized in the class of convex bodies with boundary ^ . The 
characterization of the equality in general is due to CM. Petty [3T]. The p-afBne 
isoperimetric inequality, for p > 1, was proved by E. Lutwak [25], including char- 
acterizing the equality case. The equality in the p-affine isoperimetric inequality is 
achieved only for ellipsoids centred at the origin. 

A stability version of the affine isoperimetric inequality, p = 1, was presented 
by K.J. Boroczky, in M" for n > 3, (TU]. He proved if A" is a convex body in M" 
such that its affine surface is e-close to the one of an ellipsoid, for a fixed £ G (0, 5), 
then K is "close" to the unit ball in the Banach-Mazur distance. Here "close" is 

an approximation of order ee^r] logejes. Later in 5 , the order of approximation 
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was improved to £3("+i) | loge| ^(i+i) . The case n — 2 was not addressed neither in 
[5] nor in |10j . In this paper we prove a version of stability of the p-affine isoperi- 
metric inequality, p > 1, in the class of smooth, origin-symmetric convex bodies 
in M^. The technique presented here to deal with stability is new as it approaches 
the problem from the perspective of geometric flows and ODEs. However, the 
interaction between convex geometry and geometric flows is not new. There are 
several important contributions of geometric flows to convex geometry. A proof 
of the affine isoperimetric inequality by B. Andrews using the affine normal flow 
[1], necessary and sufficient conditions for the existence of a solution to the dis- 
crete Lo-Minkowski problem, using discrete weighted curve shortening flow, by A. 
Stancu [34l[35ll38] and independently by B. Andrews [3] and a proof of the p-afRne 
isoperimetric inequality in the class of origin-symmetric convex bodies in us- 
ing the afflne normal [18]. See [36l [37l [39l [40] for more applications of flows. In 
particular, a newly defined family of centro-afRne p-flows and their applications to 
centro-afflne differential geometry by A. Stancu ^321 [10] . 

Let K he a convex body. The support function of K, denoted by sk, is defined 

by 

SK ■■ S""^ ^ M 
SKix) = max(a;,?/), 

where {x, y) denotes the standard inner product of x and y. Let K he a, strictly 
convex body, having origin in its interior, smoothly embedded in M". Let 



XK ■■ -> K", 
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be the Gauss parametrization of dK, the boundary of K. The support function of 
K has the following simple form 

sk{z) := {xk{z),z), 

for each z £ We denote the matrix of the radius of curvatures of dK by 

^ ~ ['-ii]i<ij<n-ii entries of r are considered as functions on the unit sphere. 
And they are related to the support function by 

where gij is the standard metric on §"^^ and V is the standard Levi-Civita con- 
nection of S"~^. We denote the Gauss curvature of dK by K, and remark that, as 
a function on the unit sphere, it is related to the support function of the convex 
body by 

1 , ,^ ^ _ , dettii 
- := det V.VjS + s -r—^- 
K. g det gij 

Furthermore, the affine support function of K, denoted by a, is defined by 



For p > 1, the p- affine surface area of K is defined by 

where /ign-i is the standard Lebesgue measure on §"^^. The p- affine surface area 
of a convex body is bounded by the volume via the p-affine isopcrimetric inequality. 
If the centroid of K is at the origin then 



n'^+PiK) 



n'^+pV'^-p{K) ^ 

with the equality case only for ellipsoids centred at the origin. Here V{K) is the 
volume of K defined by V{K) — i /g„_i ^d/ign-i and w„ is the volume of the unit 

ball of M" . We call the quantity ( „n+pyn-p(;^-) 1 the p-afRne isopcrimetric ratio 

of K. In it is more appropriate to use the notation A{K) instead of V{K) for 
the surface area of K. 

We mention here that thanks to a theorem of A.D. Alexandrov (see P.M. Gruber 
|17) . page 22), the boundary of a convex body is twice differentiable in a generalized 
sense at almost everywhere with respect to its Hausdorff measure. Therefore, a 
generalized notion of Gauss curvature is available for convex bodies which are not 
necessary smooth. This in turn implies that the formula above of the p-affine surface 
area can be extended by 



IdK 

for any convex body K in M", having origin in its interior such that when K is 
smooth then these two definitions coincide. 

Let K and L be two convex bodies in M" with respective support functions sk 
and sl- Then the Hausdorff distance between K and L is defined by 

d'H{K,L) = ma.x\sK - sl|- 
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In what follows we mainly work in M^. Without loss of generality, using John's 
lemma |20j , if necessary, we can assume that ci < sk l£ C2 for universal constants 
ci and C2, depending only on A{K). 

Theorem 1.1 (Main Theorem). Letp > 1. There exists an Sp > 0, depending onp, 
such that the following holds. Let K he an origin- symmetric convex body, smoothly 
embedded in 'S? with volume it. If for an < e < Sp 



\2'^+pA'^-p{K) 



>7r2(l-e). 



then there exist a disk T), an ellipse £ and a special linear transformation T such 
that 




and 

for a universal constant Cp. 
In particular, 

dn {TK,£) < CpS^. 

To prove this theorem we will implement the afhne normal flow on curves. We 
only use results on the short time behavior of this flow. Let K he a compact, 
origin-symmetric, strictly convex body, smoothly embedded in R^. We denote the 
space of such convex bodies by /Csym ■ Let 

XK - ^ R^ 

be the Gauss parametrization of dK, the boundary oi K ICgym, where the origin 
of the plane is chosen to coincide with the center of symmetry of the body. We 
denote the curvature of dK by k. As a functions on the unit circle it is related to 
the support function by 

-{z) S0e{z) + 5(2:), 

K 

where is the angle parameter on S^. Let Kq :— K E JCsym- We consider a family 
{Kt} e JCsym, and their associated smooth embeddings a; : §^ x [0,T) — > R^, which 
are evolving according to the affine flow, namely, 

(1.1) 9tx := -K3 z, x{-,0) ^ XKoi-), x{-,t) ^ XKt{-)- 

The well-known affine normal flow, was addressed by G. Sapiro and A. Tannen- 
baum [33] and by B. Andrews in more generality [TJ [5]. Andrews, investigated 
afRne normal flow of hypersurfaces in any dimension and showed that the volume 
preserving flow evolves any convex initial bounded open set, not necessarily smooth, 
exponentially fast, in the C°° topology, to an ellipsoid, [2]. 

We point out here that smoothness of K in the statement of our main Theorem 
is not necessary. The reason is the stantaneous smoothing property of the affine 
normal flow [2] and monotonicity of the p-affine isoperimetric inequality along the 
affine normal flow [181 ■ 
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2. Stability of the p-affine isoperimetric inequality 
Throughout this section we assume that Kq — K is smooth and A{K) = tt. 

2.1. Preliminaries. We hst several lemmas and a theorem necessary for our proof 
of the main Theorem. 

Lemma 2.1 (Evolution equation of the area). As {Kt} evolve by evolution equa- 
tion U.l\) then A(Kt) evolves by -^A^Kt) = —ili{Kt). In particular, A{Kt) 
decreasing. 



IS 



We recall the following afhne isoperimetric type inequalities involving time de- 
rivative of rip from Lemma 6.1 in [18 along the affine normal flow. 

Lemma 2.2 (fJp along the affine normal flow). [18] The following affine isoperi- 
metric inequalities hold along the affine normal flow. 
If^<P<'2, then 

I > P^^M^iKM^ ^ 2(,-l)(V+ 3p + 2) r ^-r^^ 

dt "-p + 2 A{Kt) (p + 2)3 Jqk, 



while, if p> 2, we then have 

a ^ 

idK 

Here, 5 is the affine arc-length of the evolving boundary curve dKt 



^ o fj<^\-^ p-2np{Kt)ni{Kt) 6p I -1-^ 2 



Lemma 2.3 (Stability of the affine support function). [18] Suppose that K is 

a convex body in JCsym- Denote the curvature and the support function of dK 

respectively by k and s. If, for all 9: m < —^j^ < M for some positive numbers m 

and M , then there exist two ellipses Sin and £out such that £i„ Q K Q Sout and 

s s 

:{£in) = m, —-pr{£out) = M. 



^1/3 ' ^1/3' 

Lemma 2.4. Let K be an origin- symmetric, smooth convex body with area tt. Then 

s s 
< 1 < max ■ 



dK ^1/3 dK k1/3' 



Proof. The claim follows from Lemma 12.31 If min — ^ > 1, then there is an el- 

dK ' 

f . 

lipse which is contained in K and has the area tt ( min \ > tt. Similarly, 

if max^^ < 1, then there is an ellipse which contains K and has the area 
dK «^ ^ 

3/2 

< TT. In both cases we reach to a contradiction as the area of 



( s \ 



if is TT. □ 

We state the following important Theorem 5 from [5]. 

Theorem 2.5 (Controlling Hausdorff distance 1). [2] Let {Kt} be a smooth, strictly 
convex solution {Kt\ of evolution equation Then 

3 

s{z,t)>s{z,0) - i-\ fn, 
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for t e (o, jCi^ . In particular, 



3 / ci 



forte (0,|cf) 



Let £ be an ellipse. We denote its semi-minor and semi-major axes by as and 
b£, respectively. We also need the following simple lemma. 

Lemma 2.6 (Controlling Hausdorff distance II). Let £i he an ellipse and £2 be a 
disk both centered at the origin of the plane such that £1 C f 2 ■ Then we have 

fA{£2)\^ A{£,) 



\ TT / 7ri?£2 ' 



where Rg^ is the radius of £2 ■ 
Proof. We have 

d'H{£l,£2) < R£2 - asi 

fA(£2)Y A{£, 



< 



V TT / nbsi 
fA{£_2)\^ A{£i) 



The proof is complete. □ 

2.2. Proof of the main Theorem. In this section we present a proof of the 
stability of the p-affinc isopcrimctric inequality. 

Proof. Let p > 1 and < £p < ^ . The upper bound on Sp will be determined later 
at the end of this section. Assume that 

(2-1) (2-^4^) >-'(^-^py 

Then from Lemma 12.21 and Lemma 12.11 it follows that 

dt \A^-p{Kt) J p \A^-P{Kt) J dt \A^-p{Kt) j 

-'''\a^-p{k,)] a^-p{k,)J,^X )r 



(22) ^^ K-nK.) . I , ..^x 



2 



dKt 



where dp is defined as follows 

2^^f^, ifl<P<2, 
ifp>2. 



\ 6(p+2) 
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We integrate of both sides of the inequahty (|2.2|) on the time interval [0, S] with 
respect to dt. 



d (ni+p{Kt)y dp (^i+nKt 



dt> / ^ , — / a'^-W^] dsdt 



, dt\A^-p{Kt) - J, Qp{Kt) \A^-PiKt) JoK, 



^0-2 2(p + 2) ^ 



2 



- lo tern 1 flpiKt) \A^-PiKt) i JsK, V ^ 



I 1 3p 



te[o,<5] 

Therefore, using Holder inequality we find 



i ( -JP !^ 2. I I I n-2 2(p + 2) I 



2 



where t* is the time that min „ ^ I /iS-^^ li- ^ lai^ 2(p+2) c?s is achieved. 



( ni+p{Kt,) y 

ni{Kt,)np{Kt,) \A^-p{Kt,) 



3p 1 3p 



1 3p 1 3p 

Here, cr^^ ^iFf^j j^^^-j ^^^^ 2IFF2T j-^^^ ^^^^ respectively, the maximum and the min- 

3p_^ 

imum of a"^ 215+21 on dKt_^ . It follows that 



(2.3) 



3p 1 3p 



> \ 1:2 mill I ^'''+" I'M - rr^ 2(p+2) /, n 

V dpS - [A^-P{KtJ J [ ^ ™ ^ 

To bound fii (i^Tt, )rip(i^t, ) from above we need to consider two cases. Let 1 < p < 2. 
By Lemma [2TT] we have A{Kt,) < A{K) — tt. Therefore, by the affine isoperimetric 
inequality and the p-affine isoperimetric inequality we infer that 

^i{KtJ < 27:% A^Kt J < 2tt, 

^p{Ku) < 2Tr^ A^{KtJ < 2n, 
and thus ni{Kt,)np{Kt,) < At:^. 

Now we proceed to deal with the case p > 2. Recall from the evolution equation of 
the area. Lemma \2A\ that 

^A{Kt)^-niiKt)>-2TT, 
dt 

hence 

A{Ks) > A{K) - 2ttS = 7r(l - 2S). 

If 5 < i then A{Ks) > f . In particular, this yields that A{Kt,) > f . This 
observation combined by the p-affine isoperimetric inequality imply that 

^piKt,) < 2tt'^ A^ (Kt,) < 2^77. 

As Qi{KtJ < 27r we get Qi{KtJflp{KtJ < 2^^Tr^ < Att^. Consequently, assum- 
ing 5 < J together with inequalities (|2.1I) and (12.31) yield 



3p 1 _ 3p 



2V27r [e^ 
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Define d! :— ^'•^ . Multiplying Kt, by a factor A, depending on 5, where A > 1 



we can have A{\Kt,) — tt. Note that lim A = 1. In particular, by this assumption 
and Lemma 12.41 we have 



As a result, 



and 



1 e 



(l-p) inP (l~p) 



Let us assume for now that 



(2.4) 

Consequently, 



>0. 



1 + 



P + 2 
p-1 



1 - di 



p + 2 
p-1 



From the last inequality and Lemma 12.31 we deduce that there exist two ellipses, 
denoted by £in and £out , such that 



(2.5) 
and 



A-t 



A-t 



7+2- 7 o-£:i„ 

p-1 



p + 2 ■ 

P-1 



On the other hand, let us assume that S < jcl , then by Theorem 



(2.6) Kt,CKC Kt, + f - j f^t*Bi C + f - j f^5-^Bi. 

Combining relations (|2.5p and (|2.6p we find 



3/ ci 



.2+? 



/ 4 

Set (5 := ep^** , for a positive /3, in the previous inequality. For Sp < I 
have 



we 



(2.7) 

and 

(2.8) 



4\ * C2 



- I — Cp 

Cl 



A-3 



A-t 



1 - d'pE^ 



p-1 



p + 2 
1 \ P-1 

1 + d'pe;+' 
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We now get back to the assumption (|2.4p . If we choose Sp < I ^ ) then 



1 - d'pe^+' > 0. 



2 + 13 



P / 4 \ — — 

On the other hand, S :— < j and £p < I jc^ ) . Therefore, choosing 



guarantees that both assumptions ()2.4p and ()2.6p hold. 

Recall that i?ci C iiT. Therefore by an avoiding principle, i?ci/2 ^ -K't for 

t e [0,?/], for an r/ independent of K. Precisely, = fcf ( 1 — (5) ) is the time 

that shrinks to i?ci/2 under the afFine normal flow. If we choose S — < 77, 
then from (|2.5p we get 

From this we conclude that, if 

C2 + /3) 

1 + 13 2+13 2 + / \ -\ 3 

Ep < min < ( - I , ( — I , ( -cF I I 1 



4; 'Vd^; V \2 



then, 

4 \ * C2 4(|f3y ( ^ 1 2C2 4(2^+f() p, ( ^ 1 2C2 4(2 + /3) c 

By (1231) we find 

(2.9) £^u^Kc(l+ f ' ^ep™^ 



We apply a special linear transformation, T £ SL(n), such that TSout is a disk. 
Consequently, by relation (12.91) we get 

(2.10) C Tif C + (^0 ' ^£p^ j TSout. 

Now from the facts that C fo^j, cr is invariant under special linear transforma- 
tions, Lemma [221 and identities in (12.81) and we have 
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Therefore du [ T£,„, ( 1 + (I) ' ^e?^ ) TSout ] is bounded by 



\3 

3(p + 2) 



1 , \ 4(P-1) / 



^ 'l+(|)l^e;(^+^) 



1 - d'^e^+^ 



\ 2(P-1) 













< 



3 3ti 
i\4 2C2 -4(2 + 3) 



1 + (f )^ 



1 - dUp^ 1 + d'S^+' 



3(p + 2) 
2(p-l) 



To optimize the Hausdorff distance we set /3 = |. Observe that 



■ 2c2 _ 10 



3(p + 2) 



2(P-1) / , , 3 

4V 2c2 , 3(p + 2)^, 



l+d' e 1" 

ep^O+ \^ \3j cl 2{p-l) PJ 

Define £ := T£,„, P := TSout and Cp := 3 (l + (|)^ ^ + |f^4) ■ Therefore, 
choosing Sp small enough implies the claim for p > 1. 

To complete the proof of the main Theorem we need to address the case p = 1. 
We note that if 



8A{K) 
then for every p > 1 

( ^V^K) 

I 22+PA2-P(i^) 



>7r^(l-£), 



>7r2(l-e). 



This is because the function p ^ ( 2^+pa'^-p{K) ) increasing, [25]. Hence, to 
prove the stability of the affine isoperimetric inequality we can continue the ar- 
gument for the stability of the p-affine isoperimetric inequality, for example with 
p = 2. In this case Ci = C2- The proof is now complete. □ 
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